Abstract. The available three-dimensional (3D) solutions reported for the analysis of Functionally Graded Piezoelectric (FGP) laminates are based on this simplifying assumption that the FGP layer consists of a number of homogeneous sub-layers. The accuracy of these formulations not only is dependent on the number of sub-layers, but also leads to inaccurate results in the prediction of higher natural frequencies of the FGP laminates. In the present paper, a 3D Peano series solution is developed for the cylindrical bending vibration of the FGP laminates. This novel formulation exactly satis es the equations of motion, the charge equation, and the boundary and interface conditions of the continuously nonhomogeneous piezoelectric layers. The obtained solution is exact because no a priori assumption for the displacement components and the electric potential along the thickness direction of FGP layers is introduced. The in uences of the di erent functionally gradient material properties and di erent electric boundary conditions on the natural frequencies and mode shapes of the FGP laminate have also been studied through examples. The present solution and its obtained numerical results can be employed to assess the accuracy of di erent FGP laminated beam/plate theories. It can also be used for FGP vibration behavior comprehension purposes.
Introduction
Behaviors of the laminated piezoelectric structures have been of intense research interests for more than two decades [1] . Various studies are available in the open literature which deal with the prediction of static and dynamic behaviors of piezoelectric laminated composite structures as well as their e ective electromechanical properties [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . The conventional piezoelectric devices are made of several layers of di erent piezoelectric materials. Although this conventional type of design may provide larger deformations, it *. Tel.: +98 5744012784; Fax: +98 5744012771 E-mail addresses: m.lezgy@hsu.ac.ir and m.lezgy@yahoo.com has several restricting disadvantages that reduce its reliability. For the piezoelectric actuators made of di erent piezoelectric layers or identical piezoelectric layers with di erent poling directions, high stress concentrations usually appear in the layer interfaces under mechanical or electrical loading [14] . These stress concentrations lead to the initiation and propagation of micro-cracks near the interfaces of two bonded piezoelectric layers [15] . The lifetime and the reliability of these structures signi cantly reduce with the aforementioned drawbacks. In order to overcome the performance limitations of the traditional layered piezoelectric elements, the concept of functionally graded piezoelectric sensors and actuators emerged [16] [17] . Functionally graded piezoelectrics are microscopically heterogeneous materials attributed by a smooth and continuous variation in mechanical and electrical properties along any/all directions in the reference coordinate system. Functionally graded piezoelectric actuators can not only produce large displacements but also reduce the internal stress concentrations and consequently improve the lifetime of piezoelectric actuators, signi cantly [14] . It is obvious that functionally graded sensors and actuators will have a signi cant function in the eld of smart materials and structures.
Research on static and/or dynamic behavior of FGP structures has been carried out by many researchers and various mathematical models have been developed until now. These mathematical models can be classi ed into two broad categories including two-dimensional (2D) models and three-dimensional (3D) models. In the following two paragraphs, these groups have been adequately reviewed. In 2D models, the variations of the displacement components and the electric potential in the transverse direction of FGP structures are prescribed [7] . This idea is the origin of all of the beam/plate/shell theories presented for the analysis of these types of structures. Yang and Xiang [18] investigated the static and dynamic responses of FGP actuators under thermoelectro-mechanical loadings by using the Timoshenko beam theory. In their work, the numerical results were obtained by using the Di erential Quadrature Method (DQM). A comprehensive study on the static, dynamic, and free vibration responses of FGP panels under different sets of mechanical, thermal, and electrical loadings using the nite element method was presented by Behjat et al. [19] . They obtained the governing equations using potential energy and Hamilton's principle based on the rst-order shear deformation theory that includes thermo-piezoelectric e ects. Behjat et al. [20] also investigated the static bending, free vibration, and dynamic response of FGP plates under mechanical and electrical loads using the rst-order shear deformation theory. Wu et al. [21] derived a high-order theory for FGP shells based on the generalized Hamilton's principle. Doroushi et al. [13] studied the free and forced vibration characteristics of an FGP beam under thermo-electro-mechanical loads using the higher-order shear deformation theory. Lezgy-Nazargah et al. [15] proposed an e cient nite element model for static and dynamic analyses of FGP beams. They used an e cient three-nodded beam element which was based on a re ned sinus model. The proposed beam element of these researchers does not require shear correction factor and ensures continuity conditions for displacements and transverse shear stresses as well as boundary conditions on the upper and lower surfaces of the FGP beam. Lee [22] used a layerwise nite element formulation to investigate the displacement and stress response of an FGP bimorph actuator. By using the re ned 2D models, Brischetto and Carrera [23] studied the static response of a single layered FGP plate. In this work, Carrera's uni ed formulation has been extended to FGP plates in the framework of the principle of virtual displacements.
In 3D models, the governing di erential equations of the 3D theory of piezoelasticity are solved using di erent analytical methods [7] . In these models, no a priori assumption for the displacement components and the electric potential along the thickness direction of FGP layers is introduced. To assess the validity of approximate theories related to FGP structures, obtaining analytical solutions based on the 3D theory of piezoelasticity is necessary [24] . By dividing the FGP layer into a number of homogeneous sub-layers, Reddy and Cheng [25] obtained a 3D solution for smart functionally gradient plates. Liu and Tani [26] used this sub-layer structure scheme to study the wave propagation in FGP plates. Chen and Ding [27] analyzed the free vibration of FGP rectangular plates using the aforementioned method. Based on the 3D theory of piezoelectricity, the method called state-space based DQM was employed by Li and Shi [28] to study the free vibration of an FGP beam under di erent boundary conditions. In this work, the FGP beam is also approximated as a multi layered cantilever. Zhong and Shang [29] presented an exact 3D solution for bending analysis of rectangular piezoelectric plates with exponent-law dependency of electromechanical properties on the thickness-coordinate by means of the state-space approach. Lu et al. [24] presented an exact solution for simply supported exponentially non-homogeneous piezoelectric laminates in cylindrical bending by Stroh-like formalism. Using this method, Lu et al. [30] also proposed the exact solutions for bending analysis of simply supported FGP plates. Liu and Shi [31] and Shi and Chen [32] obtained closed form solutions for the FGP cantilever beams using the 2D theory of piezoelasticity and the Airy stress function. Xiang and Shi [33] investigated thermoelectro-elastic response of an FGP sandwich cantilever. They also employed the Airy stress function in order to study the e ect of parameters such as the electromechanical coupling, functionally graded index, temperature change, and thickness ratio on the static behavior of actuators/sensors. Lim and He [34] obtained an exact solution for a compositionally graded piezoelectric layer under uniform stretch, bending, and twisting. Lezgy-Nazargah [35] introduced a threedimensional exact state-space solution for cylindrical bending of continuously non-homogenous piezoelectric laminated plates with arbitrary gradient composition.
The exact 3D formulations available in the literature mostly consider the static bending of FGP structures. The rare exact 3D solutions can be found in the literature for the accurate dynamic analysis of FGP laminates. The available limited studies [25] [26] [27] [28] which consider dynamic problems of FGP devices are based on this unjust assumption that the FGP layer consists of a number of homogeneous sub-layers. The preparation of input material data in these methods not only is very time consuming but also their solution accuracy depends strongly on the number of sub-layers. To ll in this gap in the literature, an exact 3D Peano series solution is derived in this study for the cylindrical bending vibration of FGP laminates based on the state-space approach. The obtained solution is exact in that the electric potential, displacements, and stresses exactly satisfy the governing motion equations of anisotropic piezoelasticity, the traction boundary conditions on the top and bottom planes, the end conditions, and the interlaminar continuity conditions on the interfaces between the layers. Unlike the sub-layer based methods [25] [26] [27] [28] , the present study considers FGP layers as the transversely nonhomogeneous piezoelectric material with continuous variation of electro-mechanical properties along the thickness direction. In deriving the present exact formulation, it is also assumed that all material properties are variable along the thickness direction of the laminates. In order to ensure that there is no algebraic errors in the implementation of the present state-space formulation, comparisons have been made with the results obtained from 2D nite element analysis (ABAQUS). The present obtained exact solution could serve as a basis for establishing simpli ed FGP beam/plate theories.
Formulation of the problem
The considered laminate is a prismatic one with a rectangular uniform cross section of length L, height h, and made of N l layers either completely or in part from FGP materials. The laminate is assumed to be in nitely long in the x 2 -direction with perfect bonding between layers. The geometric parameters of the laminated plate and the chosen Cartesian coordinate system (x 2 ; x 2 ; x 3 ) are shown in Figure 1 .
The equations of motion in the absence of body Cartesian coordinate system and geometric parameters.
forces and free charges for the kth lamina made of a piezoelectric material are:
where ij , u i , and D i denote the stress tensor, the displacement vector, and the electric displacement vector components, respectively. is the mass density, and a superimposed dot indicates di erentiation with respect to time t. In this study, the general type of piezoelectric materials is assumed to be \monoclinic class 2". The 3D linear constitutive equations of the kth layer, polarized along its thickness direction in its global material coordinate system, can be expressed as:
(k)
where
12 g T is the elastic stress vector, " (k) = f"
The matrices c (k) , e (k) , and (k) contain the elastic, piezoelectric, and dielectric coe cients, respectively. Unlike the homogeneous piezoelectric materials, c ml , e im , and ij are now functions of the coordinate x 3 . They may vary according to the power law, exponent-law, or every other arbitrary distribution along the thickness direction of FGP layers. Indeed, the anisotropy of the considered laminated FGP medium of the present study belongs to the monoclinic class 2 with the symmetry axis 2 orthogonal to the layers.
The displacement components are related to the strain components through the relations:
The electric eld components can be related to the electrostatic potential ' using the relation:
In cylindrical bending, the laminate is simply supported and the vertical edges are assumed to be grounded. These conditions can be expressed as:
Although the electric potential does not vanish at the boundaries, exact 3D solutions for laminated plates can be obtained only for certain combinations of boundary conditions on the edges. In other words, we are able to obtain exact solutions only when the vertical edges of the laminated plate are assumed to be electrically grounded. Heyliger and Brooks [36] have also employed the same assumption in order to obtain the natural frequencies of laminated homogeneous piezoelectric plates in cylindrical bending. All Eqs. (1-6) must be satis ed for the material properties of a speci c layer.
In addition to these equations, the following mechanical and electrical boundary conditions on the upper and lower planes must be satis ed: 33 
where q t 0 , q b 0 , ' t 0 , and ' b 0 are known constants; p = n=L, and n is a positive integer; i = p 1; and ! and t denote the angular frequency and time, respectively. It is worth to note that any arbitrary applied traction load or prescribed electric potential on the surfaces of the FGP laminates can be expanded in terms of a sinusoidal (Fourier) series. Also, the following interlaminar continuity conditions on the interfaces between the layers must be ensured:
Exact solution
A solution in the following form is sought for the displacement components and the electric potential of the kth lamina: u ' (k) (x 1 ; x 3 ; t) = (k) (x 3 )e i!t sin px 1 :
The above assumed solution is reasonable because the laminates are of in nite extent in the x 2 -direction and the applied loads and material properties are independent of x 2 . Indeed, the laminates are in a generalized plane state of deformation. Moreover, it can be observed that Eq. (9) identically satisfy the boundary conditions (5)- (6) on the edges x 1 = 0 and x 1 = L. It is worth to note that no assumption for U (k) (x 3 ), V (k) (x 3 ), W (k) (x 3 ), and (k) (x 3 ) is introduced in Eq. (9) . They are unknown functions that must be determined. Substitution of Eq. (9) into Eqs. (3)- (4) and the result into Eq. (2) gives the stresses and electric displacements with respect to the independent unknown eld variables
, and (k) (x 3 ). By substitution of these rewritten stress and electric displacement components into the governing equilibrium equation (Eq. (1)), and expressing the resulting system of second-order di erential equations as a set of rst-order di erential equations, the following state-space matrix equation can be obtained:
or:
where A (k) , K (k) , B (k) and X (k) are calculated by the equations shown in Box I. For the homogeneous piezoelectric layers, the matrix A (k) in basic Eq. (11) decreases to a constant matrix. In this case, the solution of Eq. (11) can be written as [37] [38] : 
where W (k) (x 3 ) = Ord exp[ ;
B (k) = Thus, the solutions for the displacement components, u i , and the electric potential, ', are expressed in terms of eight unknown constants for each of the N l layers. This yields 8N l total unknowns for the complete FGP laminates. These constants are determined by satisfying the boundary and interface continuity conditions at the upper and lower surfaces of each layer. There are four boundary conditions at the top of layer N l and the bottom of layer 1 with a total of eight boundary conditions (Eq. (7)). At each interface, the continuity conditions as expressed in Eq. (8) must be ensured, leading to 8(N l 1) equations. Thus, the total number of equations and unknowns is 8N l . These equations can be expressed in the following matrix form:
Forced vibration analysis
In case of forced vibration analysis, the focus is on the steady-state response of the FGP laminates due to harmonic distributed normal loads or electric potential on the top and/or bottom planes. In this case, n and ! are known from the prescribed harmonic loads as stated in Eq. (7). Thus, the matrix K and the vector f in Eq. (16) are known matrices whose elements can be calculated according the procedure explained above. This linear system of equations can be solved in order to obtain 8N l constants of layers (elements of vector ). Once these constants are determined, the mechanical displacements, stresses, electric potential, and electric displacements can be evaluated at any location within the FGP laminates.
Free vibration analysis
In case of free vibration, the FGP laminates are not subject to any applied mechanical or electrical loads. n ). The displacements, electric potential, stresses, and electric displacement at any point within the FGP laminates can be determined using the 8N l constants obtained from the eigenvector (j) .
Numerical results and discussion
Free and forced vibration analyses of some FGP laminates have been considered in this section. The results of the present formulation are compared with the results obtained from 2D nite element analysis (ABAQUS) to ensure that there is no algebraic error in the implementation of the present exact solution. It is worth to note that all the matrix manipulations in this paper have been done using a program code written in MATLAB software. The latter was also employed to numerically nd the values for the frequencies that ensure the characteristic Eq. (17) . To this aim, the frequency was stepped through a sequence of small increments and the sign of the determinant was computed. Evaluating this parameter as a function of frequency yields regions near a zero determinant.
The values for ! that yielded a zero determinant were estimated to the required accuracy using the bisection method. Although the rst example of the present section is mainly devoted to the veri cation purposes, the other examples included in the following sections contain new results.
Example 1
In order to have a comparison with other investigations, the cylindrical bending vibration of a two-layer piezoelectric laminate is considered in this section. The laminate is composed of two dissimilar piezoelectric materials A and B. Both layers of the laminate have equal thicknesses and the total thickness is h = 0:01 m. For the length-to-thickness ratio, two values S(L=h) = 4 and S = 50 are considered. The present two-layer piezoelectric laminate has also been studied by Heyliger and Brooks [36] . The resulting natural frequencies (! (j) n ) are shown in Table 1 
Example 2
In this example, free vibration of a single layer FGP strip with the thickness h = 0:001 m and length-tothickness ratio S = 5 (thick strip) is considered. The considered strip is made of a PZT-4 based exponentially graded piezoelectric material with the following material properties: c ml = c 0 ml f(x 3 ); e im = e 0 im f(x 3 ); ij = 0 ij f(x 3 ); = 0 f(x 3 ); where:
f(x 3 ) = e ax3=h ; 0 < x 3 < 0:001; and a is a constant characterizing the degree of the material gradient along x 3 . c 0 ml , e 0 im , 0 ij , and 0 are the values of material properties at the plane x 3 = 0. The mechanical and electrical properties of the employed PZT-4 are the same as those cited in [13] . The strip is simply supported along two edges. The bottom plane of the FGP strip is assumed to be grounded (zero potential).
The natural frequencies (! (j) n ) of thick FGP strip with OC electric boundary conditions have been calculated for n = 1; 2; 3; :::. The lowest 12 natural frequencies are shown in Table 2 for three di erent material gradient indexes 1, 0, and -1. Homogeneous piezoelectric material is recovered for a = 0. It gives a better insight about the e ect of continuous through-the-thickness variations of material properties on the natural frequencies of piezoelectric laminates. In Table 2 , the mode shapes are de ned as Bend and Th for bending and thickness modes, respectively. Figure 2 shows the changes of the lowest frequency of the thick FGP strip with respect to the number of employed terms in calculation of the propagator matrix (Eq. (15)). It is seen from Figure 2 that the proposed Peano series solution has a fast speed of convergence. Twenty terms in the series solution (Eq. (15)) are enough to get satisfactory accuracy for the lowest frequency. The same study is performed using ABAQUS with 8-node bi-quadratic plane strain elements. To this end, the thickness of the FGP strip was discretized into several thin homogeneous layers with di erent electrical and mechanical material properties. The mesh with 1000 elements (9423 dofs) as showed in Figure 3 yields converged results. For solving the eigenvalue problem, the Lanczos method available in the software was employed. In Table 2 , the results of ABAQUS software have also been shown and compared with the present results. It is observed that the natural frequencies predicted by the proposed exact solution are in very good agreement with the ABAQUS results. For di erent values of material gradient index, is assumed to be of in nite width in the x 2 -direction, the mode shapes are depicted in the 2D space for the purpose of illustration. It can also be observed from Table 2 that with increase in the absolute values of material gradient index a, the natural frequencies of the FGP strip decrease. The intensity of this phenomenon is more dominant in case of negative values of a. Figure 5 addresses the e ect of the aspect ratio S on the rst four natural fundamental frequencies of FGP strips. The material gradient index is a = 1 and the electric boundary condition is assumed to be OC. A sharp decrease in the natural frequency occurs for the thick FGP strips. This e ect is particularly dominant for the fourth fundamental natural frequency. For S > 40, the sensitivity to the aspect ratio decreases regardless of the modes of vibration.
Example 3
The free vibration of a two-layer FGP laminate with the thickness h = 0:001 m and length-to-thickness ratio S = 5 is considered in this section. The lower layer is made of a homogeneous PZT-4 piezoelectric material. The upper layer is a PZT-4 based exponentially graded piezoelectric layer with the following material properties: c ml = c 0 ml f(x 3 ); e im = e 0 im f(x 3 ); The ratio of the upper graded layer to the lower homogeneous layer has been taken as 4. It is pointed out that c 0 ml , e 0 im , 0 ij , and 0 in the present example are the values of material properties at the bottom of the top layer. Concerning the material property gradient index a, two values a = 1 and a = 1 are chosen. The rst 12 natural frequencies of the thick two-layer FGP laminate are shown in Table 3 for di erent values of aspect ratio. The assumed electric boundary condition is OC. Similar to the previous example, the obtained numerical results have been compared with the results obtained from 2D nite element analysis. Again, the agreement between the present and ABAQUS results is very good. The maximum percent of discrepancy between the present and ABAQUS results is 1.25, whatever the values of the material gradient index. The e ect of electric boundary conditions, namely OC or CC, on the natural frequencies of the FGP laminates is illustrated in Table 4 . Compared with the results obtained in Table 3 , one can observe that the OC electrical boundary conditions lead to slightly higher natural frequencies regardless of the material gradient index. This e ect, which is related to the piezoelectric coupling, is very well-captured by the present exact state-space formulation. The higher modes of vibration are more sensitive to the electric boundary conditions on the top and bottom planes of the FGP laminate than the lower modes. For example, for a = 1, the thickness mode natural frequency ! (2) 4 changes by 29543 Hz depending on whether it is electrically closed or open. In comparison, the fundamental frequency ! (1) 1 changes only by 602 Hz. Figure 6 shows through-the-thickness variations Figure 6 also shows that the gradient index a in uences the distribution of modal stresses, displacements, electric potential, and transverse electric displacement in di erent degrees. The value of a has little in uence on the distribution of the modal displacement components and the transverse electric displacement; however, it in uences the distribution of the induced electric potential and stress components, e ectively. For a = 1, the maximal absolute value of ' is 64% larger than that of a = 1. The maximal absolute value of 13 in the FGP laminate with a = 1 is 2 times as large as that with a = 1. This value for 33 is 6.35. In order to see the e ect of electric boundary conditions on the modal entities, the distributions ofũ 1 , u 3 ,D 3 and' along the thickness of the thick two-layer FGP laminate with CC electric boundary conditions in the rst bending mode are depicted in Figure 7 . It is seen from Figure 7 that the electric boundary conditions have little in uence on the distribution of the modal displacement components. They also have little in uence on the distribution of the modal stress components. For the sake of brevity, the corresponding results have not been shown here. However, electric boundary conditions in uence the distribution of the modal electric potential and the transverse electric displacement, e ectively.
Example 4
In order to assess the accuracy of the present 3D solution for dynamic analysis of FGP laminates with high values of gradient indices, free vibration of a single-layer FGP strip with a = 10 and a = 10 is considered in this example. The thickness of the considered strip is h = 0:001 m and its length-tothickness ratio is assumed to be S = 5. Boundary conditions, geometry, and other material properties of the FGP strip of the present example are the same as those of Example 2. The rst 10 natural frequencies of the FGP strip are shown in 
Example 5
As a nal example, the steady-state response of a twolayer FGP laminate with length-to-thickness ratio due to harmonic mechanical and electrical loads is studied in this section. Boundary conditions, geometry, and top and bottom planes of the laminate are assumed to be grounded. The time history response of the normalized central de ection of the FGP laminate is shown in Figure 8 for three values of the material gradient index a = 1, a = 0, and a = 1. The normalized values of de ection and time are given as Figure 9 . Central de ection of the two-layer FGP plate subjected to a harmonic distributed electric potential. u 3 = u 3 10 10 =q 0 and t = t 10 3 . It can be observed from Figure 8 that the de ection of the laminate made of soft gradient materials is higher than that of the laminate made of hard gradient materials. For a = 1, the peak de ection of the FGP laminate is 2.02 times as large as that for a = 1. Due to the fact that the electromechanical sti ness of a graded laminate made of hard piezoelectric materials is higher than that of a soft one, such behaviors are expected.
In the next case, the harmonic distributed electric potential '(x 1 ; h; t) = ' 0 (sin 4000)(sin x 1 =L) is applied on the top plane of the FGP laminate. The bottom plane of the laminate is assumed to be grounded. The normalized central de ection ( u 3 = u 3 10 10 =' 0 ) of the FGP laminate with respect to normalized time ( t = t 10 3 ) is shown in Figure 9 for di erent values of the material gradient index. The depicted graphs in Figure 9 reveal this fact that under a similar electric force, the transverse de ection of an FGP laminate is much higher than that of a monomorph one (a = 0). This example shows that by employing the FGP actuators, it is possible to generate larger de ections in the host structures.
Conclusions
In the present paper, a Peano series solution is employed to investigate free vibration of FGP laminates. The presented series solution exactly satis es the 3D theory equations of piezoelasticity. Unlike the available reported methods which consider the FGP layer as a number of homogeneous sub-layers, the present formulation considers FGP layers as a transversely nonhomogeneous material. For validation, some comparisons have been made with the results obtained from the coupled 2D nite element analysis. Excellent agreements have been found between the numerical results obtained from the present exact formulation and those obtained from the 2D nite element analysis.
Through di erent examples, the in uences of di erent functionally gradient material properties and di erent electric boundary conditions on the natural frequencies, modal entities, and mode shapes of the FGP laminates have been studied. The obtained numerical results of the present study give a comprehensive insight into the vibration behavior of the FGP laminates. Moreover, the presented numerical results are new and can be used by researchers as a benchmark for validating di erent FGP beam/plate theories.
